Abstract: Sustainable functionality development has become crucial option for firm's survival in a new paradigm confronting a post-information society. This can be realized by earlier emergence of functionality development. In this context, effective utilization of external innovation resources leads to follower substitution for leader in open innovation. This substitution induces advancements of innovative goods by substituting gratification of their consumption for resistance to them. Thus, optimization of utmost gratification of consumption under certain investment would be crucial for firm strategy. Optimal functionality development dynamics is analyzed in this paper by integrating production, diffusion and consumption functions, and using Pontryagin maximum principle. The result demonstrates that suprafunctionality can be developed through gratification of consumption substitution for resistance to new innovation.
INTRODUCTION
In line with the advancement of informaton technology, the place where innovation takes place has been shifting from development site to diffusion site leading to a significant integration of production and diffusion functions as illustrated in Fig. 1 (Watanabe et al., 2005) . Prompted by the foregoing hypothetical view, this paper demonstrates the significance of optimal FD dynamics for firm's sustainable FD. Section 2 reviews FD in a diffusion trajectory. Section 3 analyzes requirements for sustainable FD. Optimal FD dynamics is demonstrated in Section 4. Section 5 briefly summarizes new findings and policy implications.
FUNCTIONALITY DEVELOPMENT IN A DIFFUSION TRAJECTORY

The concept of functionality development
Diffusion of innovative goods is induced by their ability to dramatically improve the performance of production processes, goods and services by means of innovation. This ability can be defined as functionality development (FD) (Watanabe et al., 2003) . The emergence of innovation leads to new FD and the efforts for maintaining sustainable FD leads to creating successive innovations.
Functionality development in a diffusion trajectory
Diffusion of innovative goods terminates when FD obsolesces. Based on this postulate, Watanabe et al. (2004) demonstrated that the state of FD can be traced by the diffusion trajectory such as logistic growth model depicted as follows:
where Y: production of innovative goods; N: carrying capacity; a: velocity of diffusion; b: initial state of diffusion; and t: time trend.
Since degree of FD can be identified by potential capacity before reaching obsolescent stage, the degree of FD can be measured by the ratio of carrying capacity to the level of diffusion as follows:
Given the declining nature of FD as depicted by equation (2), firm's effort should focus on the prolongation of FD by means of effective utilization of potential resources in innovation. Such efforts can be identified by utilizing the Bass model (Bass, 1969) as it analyzes innovator (p) and imitator (q) dynamism in a diffusion process as depicted in equation (3).
where p: innovator parameter and q: imitator parameter.
In the Bass model FD increases as the ratio of q/p (the ratio of imitators q and innovators p) increases since Watanabe et al., 2008a) , and thus q/p can be identified as "prolongation ability". Furthermore, Watanabe et al. (2008a) demonstrated that earlier FD emergence leads to sustainable FD as illustrated in Fig. 3 . Therefore, next question is identification of the relationship between innovator and imitator by integrating the foregoing findings. Fig. 3 . Functionality development trajectory of the successive innovation in Japan's mobile phones (1996) (1997) (1998) (1999) (2000) (2001) (2002) (2003) (2004) (2005) (2006) .
SUSTAINABLE FUNCTIONALITY DEVELOPMENT
Earlier emergence of functionality development
Based on the analyses by Rogers (1983) and Mahajan et al. (1990) , Moore (1991) and Watanabe et al. (2003) FD emergence can be identified as the ability to overcome the barrier of the market by means of new innovation. This level is equivalent to the level of 3 3 + as illustrated in Fig. 4 . Consequently, it can be concluded that the emergence of FD occurs at certain point corresponding to cross the CHASM and also that the timing of FD emergence can be identified as the earlier inflection point of the first derivative of t 1 .
Governing factor accelerating functionality development emergence
Firms' efforts in FD prolongation are managed by their technology strategy represented by their gross technology stock T. Generally, T increases proportional to time t as follows (see Watanabe et al., 2008b) :
where α and β ( α , β > 0): coefficients.
Therefore, Y(t) can be depicted as
where a' and b': coefficients for velocity of diffusion driven by T t , and initial state of diffusion, respectively.
Thus, diffusion trajectory indicated by t can by depicted as a function of T. With the foregoing understanding, FD function can be developed to multi-logistic growth model as a function of gross technology stock T as depicted by the following equation:
These postulates can be applied also to the Bass model as it can be decomposed to the logistic growth model. Gross technology stock T consists of indigenous technology stock Therefore, its level differs depending on the level of zT s , particularly the level of z given the exogenously governed nature of T s . Fig. 3 . indicates that higher level of diffusion also enables earlier timing of the emergence of FD with higher level. As reviewed earlier, since level of T increases in a cascading way depending primarily on assimilation capacity z, and timing of FD emergence is accelerated as T increases, level of FD can be classified into three categories depending on assimilation capacity z conditions as (i)
), and
) as illustrated in Fig. 6 . Self-propagating assimilation capacity increase leads to sustainable FD. The third case "Sustainable FD" can be attributed to self-propagating assimilation capacity increase leading to prolongation ability of FD. This corresponds to prolongation ability q/p increase in the Bass model. Since FD enhances corresponding to the higher level of T, in case of a co-evolutionary dynamism between zT s and T (T enhances as zT s increases which in turn induces further zT s ), multi-logistic growth leads to sustainable FD trajectory. Level of diffusion increases as assimilated spillover technology increases leading to higher level of FD at its emergence. This trajectory can be traced as an envelope curve of FD. Sustainable FD can be anticipated when the level of FD that emerged in the successive wave enhances than the level of preceding wave. This can be expected when assimilated spillover technology increases as innovation advances.
Requirement for earlier functionality development emergence
Aiming at demonstrating sustainable FD by means of earlier emergence of FD, an empirical analysis taking the diffusion trajectory of high-technology in the Bass model is conducted. Since x p q ≡ / demonstrates prolongation ability in FD, the following analysis examines whether increasing x contributes to decrease in t 1 (the timing of FD emergence). Differentiating t 1 in Fig. 4 with respect to
where
Thus, the condition to accelerate FD emergence by q/p increase is:
From the above analysis, it can be concluded that inequality (9) depicts the necessary condition for earlier FD emergence.
Based on the previous subsection, the boundary condition satisfying earlier FD emergence in the Bass model can be developed as follows:
x dx dp (10) Analyzing cases 3 2 1 + < < x and 3 2 + > x separately leads to following two inequalities: Furthermore, in order to accomplish open innovation, which means shifting from p to q, the condition dp/dx<0 should also be satisfied. The area which satisfies both conditions dp/dx<0
and dt 1 /dx<0 with the value of q/p larger than 11.1 (the crossing point of boundary function B(x) is x # =11.1) can be identified.
Requirement for sustainable functionality development (Imitator substitutes for innovator)
Given the x is large enough,
and the necessary condition for 0 / < dx dp and 0 / 1 < dx dt (area III in Fig. 7.) is
This inequality suggests the substituting relationship between p and q. Furthermore, the substituting dynamism between p and q can be identified as follows:
p dp p dq dp p dq p dq dp
Therefore, substitution direction can be identifies as from p to q. Stimulated by the foregoing observations, sustainable FD through earlier emergence of FD depends on follower substitution for leader. This substitution corresponds to the dynamism triggered by open innovation. Consequently, it can be concluded that follower substitution for leader leverages the sustainable FD in open innovation. This substitution induces consumption of innovative goods by gratification substitution for resistance to new technology.
OPTIMAL CONTROL PROBLEM
On the basis of the findings obtained in the preceding section, optimization of utmost gratitude of innovative goods consumption under certain investment constraints is analyzed. This section proposes a corresponding optimal control problem with the infinite horizon and solves it using the Pontryagin maximum principle (Pontryagin et al., 1962) . In this problem, the control variable is investment intensity in the production factors, and the utility function is the integral discounted consumption index. Applying the Pontryagin maximum principle, the optimal investment policy and the corresponding trajectories of the FD, which maximize the utility function, can be observed. An empirical analysis focusing on the diffusion trajectory of Japan's mobile phone is conducted. On the basis of empirical analyses, assessment of the optimal level of FD is conducted.
Model's main variables
In order to analyse the optimal level of FD, the following main variables can be demonstrated:
System's dynamics
This dynamics of innovation productivity can be expressed as follows:
Based on this, stationary point can be depicted as follows:
Optimal control problem
where θ: the first phase variable; Y: the second phase variable; and s: investment control.
Utility function (Integrated Logarithmic Consumption
The optimality is understood with respect to the utility function J represented by an integral with a discount coefficient ρ. 
Stationary Hamiltonian
Application of the Pontryagin maximum principle
Hamiltonian problem which measures the current flow of utility from all sources is depicted in equation (23). ( 1 ψ and 2 ψ : adjoint variables).
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Dynamics of cost variables
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Consequently, based on these analyses, optimal level of FD can be depicted as follows :
Optimal dynamics of FD leading to supra-functionality emergence
On the basis of equation (29), trajectory under certain investment intensity that maximizes utility function leading to utmost gratification of consumption was analyzed. Fig. 9 compares optimal and actual level of FD in Japan's mobile phone development trajectory over the last decade. Fig. 9 . Comparison of optimal and actual levels of FD in Japan's mobile phones development trajectory (1996) (1997) (1998) (1999) (2000) (2001) (2002) (2003) (2004) (2005) (2006) . This optimal level corresponds to "supra-functionality," which includes social, cultural, aspirational, and emotional needs. If the innovative goods do not resonate with the above demand, a psychological barrier may develop impeding the customers "affinity" with the innovation resulting in its abandonment (D. McDonagh, 2008 ).
Japan's mobile phone development trajectory over the last decade demonstrates this dynamics suggesting a possibility of follower (optimal level) substitutes for leader (actual level) in open innovation as demonstrated in Fig. 10 . Fig. 10 . Dynamism leading to supra-functionality in Japan's mobile phones development (1996) (1997) (1998) (1999) (2000) (2001) (2002) (2003) (2004) (2005) (2006) . 
CONCLUSIONS
In light of the significance of the sustainable FD for firms' profitability in their innovation, this paper analyzed necessary conditions enabling firms prolong their FD and the optimal level of FD leading to supra-functionality. 
